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De-Chang Dai
Institute of Natural Sciences, Shanghai Key Lab for Particle Physics and Cosmology,
and Center for Astrophysics and Astronomy, Department of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
We study the hydrogen atom eigenstate energy and wave function in the Rindler space. The
probability distribution is tilted because the electric field of the nucleus is no longer spherically
symmetric. The hydrogen atom therefore cannot be treated exactly in the same way as what it is in
an inertial frame. We also find that if the external force accelerates only the nucleus and then the
nucleus accelerates its surrounding electrons through electromagnetic force, the electrons can tunnel
through the local energy gap and split the hydrogen atom into an ion. This is similar to what one
expects from the Stark effect. However, the critical acceleration is about 3 × 1022m/s2. It is well
beyond the gravitational acceleration on a regular star surface.
PACS numbers:
I. INTRODUCTION
Rindler spacetime is described by a coordinate system
in which every observer is uniformly accelerated with re-
spect to the Minkowski space (or an inertial frame) [1].
Every observer undergoes hyperbolic motion in the flat
spacetime. Uniform acceleration in Minkowski spacetime
plays an important role in understanding the motion in
the presence of the horizons and related phenomena. For
example, a uniformly accelerating observer observes ther-
mal radiation [2]. Since acceleration is considered equiv-
alent to gravity, it has been intensively studied in or-
der to understand the similar phenomena, like Hawking
radiation[3, 4].
One of the technique to extract localized spatio-
temporal quantum information is through Unruh-DeWitt
Detector[5, 6]. The idea is to construct a detector which
interacts with the quantum field. The excitation of the
detector is interpreted as the absorption of a particle.
It is generally assumed that the detector is not affected
by the magnitude of the acceleration. This is very hard
to be true in a real detection. Any detector with finite
size, eg. atom, will be affected by the acceleration and
changes its structure. For example, the Van der Waals
force between accelerated molecules are not the same
as which between molecules without acceleration[7]. An
accelerated charged particle also encounters a self-force
which is caused by its own electric field[8–11]. This makes
it even harder to study an accelerated atom’s radiation
shift[12, 13].
Hydrogen atom in a curved spacetime have been stud-
ied for the case of Schwarzschild, De-Sitter and some gen-
eral metric[14–19]. These studies focused on a hydrogen
atom in a free fall or Riemann normal coordinates. In
contrast, we here focus on the acceleration effects on hy-
drogen. Though acceleration can be locally considered
equivalent to gravity, acceleration from internal and ex-
ternal sources can have different effects. To the best of
our knowledge, this case has not been previously studied
in the literature.
In one of the cases that we consider, an electron within
the hydrogen atom is accelerated only by the proton,
while in the other case the electron is accelerated by both
the proton and an external force. These two cases have
different acceleration sources and therefore they should
have different effect on the hydrogen atom structure. To
simplify the study, We neglect the electron’s spin and de-
scribe the electron with a charged scalar field. The first
step is to find the hydrogen’s Schrodinger equation in the
Rindler spacetime. A free particle’s Schrodinger equa-
tion has been studied for a while and it has been found
that there could be a new type of quanta in the Rindler
spacetime[20, 21]. We extend the study to a scalar field
particle which is bounded by the atom’s nucleus. This
nucleus is accelerated uniformly by an external force and
its electric field is static in the Rindler spacetime. The
solution has been found by Whittaker[22] and it is no
longer spherically symmetric (see fig. 1). The electron is
bound by the nucleus. The electron’s acceleration can be
provided by either the nuclei or an external force. If the
electron is accelerated by the nucleus, then the electron’s
probability distribution is pulled downward by the grav-
ity in the Rindler spacetime. This is exactly what one ex-
pects. And if the gravitational acceleration is big enough,
the atom can be split and a bound hydrogen can not be
formed. The critical acceleration is a ≈ 3 × 1022m/s2.
This is unlikely to happen in a regular star’s surface.
The other case is that the electron is also accelerated
by an external force. This force cancels out the grav-
ity in the Rindler spacetime. The nucleus’ electric field
can attract electrons without gravitational resistance. It
turns out that the probability distribution is tilted up-
ward (opposite to gravity). This result implies that if
a detector is made of atoms, its responding energy will
not the same as it is in an inertial frame. The concept
of an Unruh-DeWitt detector is invented to study how a
2detector responds to an accelerated source. The detector
response will depend on how the external force interacts
with the detector. For example if the detector is accel-
erated as a whole by an external force, its wavefunction
must be distorted in a way similar to the second case in
this paper. In the following, we first introduce a static
charged particle’s electric field in the Rindler spacetime.
The Schrodinger equation is obtained by the approxima-
tion of Klein-Gordon field. The energy eigenvalues and
eigen states are obtained by the perturbation theory.
II. A CHARGED PARTICLE’S ELECTRIC
FIELD IN THE RINDLER SPACE
In Rindler spacetime all the observers move with a uni-
form acceleration with respect to an inertial observed. It
can be written down in a static form as
ds2 = (1 + az)2dt2 − (dx2 + dy2 + dz2) (1)
Here we take c = ~ = 1. Here a is the magnitude of
the acceleration and it is directed to the +z-direction.
A free particle experiences a uniform force toward −z-
direction. This force is similar to gravitational accelera-
tion and mimics a uniform gravitational field.
Now we consider a charged particle, with charge q,
which is accelerated under a uniform acceleration. It
stays at a fixed point in the Rindler space. We place the
particle at (x = 0, y = 0, z = 0) for convenience. This
charged particle generates an electromagnetic vector po-
tential (At, Ax, Ay, Az). In the Rindler space the vector
field is [11, 22]
At(r) =
q
r
1 + az + a
2
2
r2√
1 + az + a
2
4
r2
(2)
Ax = Ay = Az = 0 (3)
Here, q is the proton’s charge.
One finds the vector field, At, in the lower part change
much quicker than that in the upper part(fig 1).
III. HYDROGEN WAVE FUNCTION IN THE
RINDLER SPACE TIME
A hydrogen atom is made of a proton and an electron.
The proton is much heavier than the electron. Therefore
the proton can be treated as a static charged particle. In
the Rindler space this proton provides an electric poten-
tial At. The electron is affected by the field and moves
around. Similar case has been studied by Lenz et al.[23].
To simplify the calculation, we neglect the electron’s spin
and assume it is described by a charged scalar field. The
electron’s action is
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FIG. 1: This is the equivalent potential contour of a charged
particle’s vector field’s time component or electric field, At.
The acceleration is chosen to be a = 1. x-axis and z-axis’ units
are 1
a
. The contour in the lower part (negative z) is denser
than the contour field in up part. The field in the lower part
increases much quicker than that in the upper part.
S1 =
∫ (
(Dµ − ieAµ)φ∗(Dµ + ieAµ)φ
−m2φ∗φ− 1
4
FµνFµν
)√−gd4x (4)
The electron’s equation of motion is
(Dµ + ieAµ)(D
µ + ieAµ)φ+m2φ = 0 (5)
One applies the geodesic metric (equation 1) into the
above equation,
1
(1 + az)2
(∂t+ieAt)
2φ−∇2φ− a
1 + az
∂zφ+m
2φ = 0 (6)
Here ∇2 = ∂2x + ∂2y + ∂2z
We keep only zeroth and first order terms in a and
rewrite the equation in the non-relativistic approxima-
tion. In this case the equation becomes the Schrodinger
equation with a perturbation term.
i∂tφ = H0φ+ aH1φ+O(a
2) (7)
H0 = −∇
2
2m
+m+
qe
r
(8)
H1 = −z∇
2
2m
− ∂z
2m
+mz +
z
2
qe
r
(9)
Here we keep the rest mass energy. The third term,
mz, in equation 9 is corresponding to the classical grav-
itational potential. The electron is pulled down by the
gravity and the proton makes the electron accelerate to-
gether with it through it’s electromagnetic force. In other
3words, the electron is accelerated by the proton and the
proton is accelerated by an external force. This is differ-
ent from the case that in which an electron is also accel-
erated by some external force. We will discuss this in the
next section. The other terms in equation 9 are much
smaller than the third term and can be neglected. Once
these terms are neglected, the perturbation potential is
similar to the Stark effect.
V ≈ qe
r
+ amz +m (10)
The potential has two local minima. One is at the pro-
ton’s location and the other one is at −∞ (see fig. 2). It
is known that an electron can tunnel through the local
potential barrier near the proton and becomes free[24],
and the hydrogen atom becomes an ion. This process is
called field-ionization[25–29]. The process is very compli-
cated and involves tunneling. However, if the potential
barrier, Vmax, is higher than the atom’s ground state,
the electron will definitely escape. Griffiths gives a sim-
ple estimation of tunneling time[24].
τ =
8mw2
π
exp(2γ) (11)
γ =
2
√
2m
3ma
V
3
2
0 (12)
V0 is the ground state energy. It is about 13.6eV. 2w
is the width of potential well and is about the hydrogen
atom’s radius. exp(2γ) is the most important suppres-
sion factor. The tunneling rate becomes quick enough to
separate the atom if γ ≈ 1. In this case the acceleration
must satisfy
a '
2
√
2
3
√
m
V
3
2
0 (13)
For the hydrogen’s ground state, the critical accelera-
tion is about ≈ 3×1022m/s2 (on a neutron star’s surface
it is about 1012m/s2). It is therefre unlikely to happen
near the regular star surface. Therefore it is quite safe
to say that a hydrogen is not ionized by the gravita-
tional force along, unless it is very close to a black hole.
However, we must point out that the atoms at the star’s
surface are generally supported by atoms’ electrons in-
teracting with the other particles, and then the electrons
interact with their central nuclei. This is opposite to the
case we were discussing here. A nucleus is much heavier
than an electron, so the critical acceleration must be less
than what this estimate provides.
We will now apply the perturbation theory to find the
hydrogen eigenenergy and eigenstate. The flat space hy-
drogen eigenenergy, H0, is
E0n =
−1
2ma20n
2
+m (14)
ground
state energy
Vmax
V
FIG. 2: The black curve is the potential of an accelerated
electron. The horizonal direction is the z-axis. There is a
local minimum at the proton’s location. The electron can
be captured and form a hydrogen atom, if the hydrogen’s
ground state energy is lower than the local maximum Vmax,
the electron can also tunnel through the potential barrier and
the hydrogen atom becomes a single proton.
Its eigenfunctions are
φ0n,l,m(r, θ, φ) = Rn,lY
m
l (θ, φ) (15)
Rn,l ∼ exp(− r
na0
)
( r
na0
)l
L2l+1n−l−1(
2r
na0
) (16)
L2l+1n−l−1(x) is the associated Laguerre polynomial.
Y ml (θ, φ) is the spherical harmonic function of degree
l and order m. a0 is the Bohr radius, a0 =
1
me2
=
5.2917721067 × 10−11m. The ground and first excited
states are
φ01,0,0 =
( 1
πa30
) 1
2
exp(− r
a0
) (17)
φ02,0,0 =
( 1
32πa30
) 1
2
(
2− r
a0
)
exp(− r
2a0
) (18)
φ02,1,0 =
( 1
32πa30
) 1
2 r
a0
exp(− r
2a0
) cos θ (19)
φ02,1,±1 = ∓
( 1
64πa30
) 1
2 r
a0
exp(− r
2a0
) sin θe±iφ (20)
From the perturbation theory, the first order correction
to the energy is
En = E
0
n + a < φ
0
n,l,m|H1|φ0n,l,m > +O(a2) (21)
and its first order correction to the eigenfunction is [30]
4TABLE I: The first 5 coefficients of the ground state wave
function (equation 24)
b2 b3 b4 b5 b6
−3.73× 104 −1.26 × 104 −7.04× 103 −4.71× 103 −3.46 × 103
φn,l,m = φ
0
nlm+a
∑
n′ 6=n
< φ0n′,l′,m′ |H1|φ0n,l,m >
E0n − E0n′
φ0n′,l′,m′+O(a
2)
(22)
One may calculate energy density from the energy mo-
mentum tensor after obtaining the wavefunction.
A. Ground state
The ground state is not a degenerate state. The energy
eigen function can be obtained from equation 21 directly,
E1 = E
0
1 +O(a
2) (23)
The first order correction is zero. However, the first
order wave function correction is not zero. It is
φ1,0,0 = φ
0
100 + aa0
∞∑
n=2
bnφ
0
n,1,0 +O(a
2) (24)
The first 5 coefficients, bn, can be found in table I. As
expected, the wave function is pulled downward by the
gravity (see fig. 3).
FIG. 3: This is the ground state probability distribution. The
electron overcomes the gravity through the interaction with
the central proton. The X in the center marks the location
of the proton. The vertical direction is z-direction and the
horizontal direction is x-direction. The full size is 8a0 × 8a0.
In order to see the distortion, we choose aa0 = 3× 10
−7.
B. First excited state
Unlike the ground state, the first excited state is de-
generate and we have to reorganized the wave function
bases. We first find the degenerate energy matrix,
< 2ml|H1|2m′l′ >=


nml 200 210 211 21− 1
200 0 −1.53× 106a0 0 0
210 −1.53× 106a0 0 0 0
211 0 0 0 0
21− 1 0 0 0 0


(25)
φ0200 and φ
0
210 are mixing together. So the wave func-
tion basis must be reorganized to
φ± =
φ0200 ± φ0210√
2
(26)
and their eigenenergies are
En = E
0
2 ∓ 1.53× 106aa0 (27)
The unit is eV. φ+’s energy is lower than φ− so that the
state is preferred (see fig. 4). Fig. 5 shows that φ+ is
pulled upward a little bit near the center, but some of
them are pulled down to the much further lower part.
This lowers down the system’s energy.
φ
2lm
φ
21+1
0
0
φ
210φ 200 +
2
0 0
φ
210
φ
200 -
2
0
0
FIG. 4: The first excited state wave function with respect to
the energy split (see equation 27): The electron is accelerated
by the proton.
IV. THE HYDROGEN WAVE FUNCTION
WITH ELECTRON PUSHED BY AN EXTERNAL
FORCE
We discussed the case where electron is pulled by the
proton in the previous section. We now focus on the case
where both protons and electrons are also accelerated
by an external force. We assume the external force is
a vector field Bα (the coupling constant is including in
Bα). This vector field provides the electron a uniform
acceleration so that it can overcome gravitational force.
The derivative of the precise form of Bα can be found in
the appendix.
5FIG. 5: This is the first excited state’s probability distribu-
tion, φ+. The electron overcomes the gravity through the
interaction with the central proton. The X in the center
marks the location of the proton. The vertical direction is
z-direction and the horizontal direction is x-direction. The
full size is 16a0 × 16a0.
The electron’s action is written down in the form
S2 =
∫ (
(Dµ − ieAµ − iBµ)φ∗(Dµ + ieAµ + iBµ)φ
−m2φ∗φ− 1
4
FµνFµν
)√
gd4x (28)
Bt = −maz (29)
Bx = By = Bz = 0 (30)
Bα’s kinetic terms are neglected in the equation. Aµ is
the proton’s electromagnetic four vector potential. Its
form can be found in equation 2 and 3. φ’s equation of
motion is
1
(1 + az)2
(∂t+ieAt+iBt)
2φ−∇2φ− a
1 + az
∂zφ+m
2φ = 0
(31)
We keep only the zeroth and first order terms in a
and rewrite the equation in the non-relativistic approxi-
mation. In this case the equation can be written in the
Schrodinger form as
i∂tφ = H
p
0φ+ aH
p
1φ+O(a
2) (32)
Hp0 = −
∇2
2m
+m+
qe
r
(33)
Hp1 = −z
∇2
2m
− ∂z
2m
+
z
2
qe
r
(34)
If we compare equation 34 with equation 9, we can see
that mz term is not in equation 34. It is because Bα
cancels out gravity and now the electron is accelerated
together with the proton.
Since Hp0 is exactly the same as H
0, we can obtain the
eigenenergy and eigenfunction correction term through
Epn = E
0
n + a < φ
0
n,l,m|Hp1 |φ0n,l,m > +O(a2) (35)
TABLE II: The first 5 coefficients of the ground state wave
function (equation 38)
c2 c3 c4 c5 c6
9.93 × 10−1 3.35 × 10−1 1.87 × 10−1 1.25 × 10−1 9.21 × 10−2
The first order correction in the eigenfunction is [30]
φpn,l,m = φ
0
nlm+a
∑
n′ 6=n
< φ0n′,l′,m′ |Hp1 |φ0n,l,m >
E0n − E0n′
φ0n′,l′,m′+O(a
2)
(36)
A. Ground state
The ground state is not a degenerate state. The eigen
energy can be obtain from equation 35 directly,
Ep1 = E
0
1 +O(a
2) (37)
The first order correction is zero again. However, the
first order wave function correction is also not zero. It is
φp1,0,0 = φ
0
100 + aa0
∞∑
n=2
cnφ
0
n,1,0 +O(a
2) (38)
The first 5 coefficients, cn, can be found in table II. Un-
like the previous case, the wave function is pulled upward
(see fig. 6). This is because that the electric potential at
the upper part has much lower potential than the poten-
tial at the corresponding lower part( fig.1).
FIG. 6: This is the ground state probability distribution. The
electron overcomes gravity through the interaction with the
central proton. The X in the center marks the location of the
proton. The vertical direction is z-direction and the horizon-
tal direction is x-direction. The full size is 8a0×8a0. In order
to see the distortion, we choose aa0 = 2.
6B. First excited state
The first excited state is degenerate and one must re-
organize the wave function bases. We first find the de-
generate energy matrix,
< 2ml|Hp1 |2m′l′ >=


nml 200 210 211 21− 1
200 0 10.2a0 0 0
210 10.2a0 0 0 0
211 0 0 0 0
21− 1 0 0 0 0

 (39)
φ0200 and φ
0
210 are mixing together. So the wave func-
tion basis must be reorganized to
φp± =
φ0200 ± φ0210√
2
(40)
and their eigenenergies are
Ep±2 = E
0
2 ± 10.2aa0 (41)
The unit here is an eV. φp−’s energy is lower than φp+
so that the state is preferred (fig. 7). Fig. 8 shows that
φp− is pulled downward a little near the center, but some
of them are pulled upward to the much further upper
part. This lowers down the system’s energy.
φ
2lm
φ
21+1
0
0
φ
210φ 200 +
2
0 0
φ
210
φ
200 -
2
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0
FIG. 7: The first excited state wave function with respect to
the energy split (equation 41): The electron is accelerated by
an external vector field.
V. CONCLUSION
In this paper, we discussed the hydrogen’s wave func-
tion in the Rindler spacetime. We separate the analysis
to two cases. The first case is when the central proton
is accelerated by an external force, but the electron is
not accelerated by that external force. The electron in-
teracts only with the proton through the electromagnetic
force. In this case the electron is pulled downward by a
gravitational potential, maz, since the gravitational po-
tential is the dominant perturbation term. This case is
FIG. 8: This is the first excited state’s probability distribu-
tion, φp−. The electron overcomes gravity through an exter-
nal vector field, Bα. The X in the center marks the location of
the proton. The vertical direction is z-direction and the hor-
izontal direction is x-direction. The full size is 16a0 × 16a0.
very similar to the Stark effect[24]. This effect will not
appear in the case of a freely falling object[14–16]. If
the acceleration is strong enough, the bound state can-
not be formed and a hydrogen is separated into an ion
and electron. A simple estimate shows the critical accel-
eration is a ≈ 3 × 1022m/s2. This is much larger than
the gravitational acceleration on a regular star surface.
Therefore, it is unlikely to happen unless it is very close
to a black hole. However, our estimate is based on the
central proton accelerating its surrounding electron. In
general case, the atoms at star’s surface are supported
by atoms’ electrons interacting with the other material
on the star surface, and then the electrons interact with
its central nuclei. The nuclei are therefore supported by
their electrons. Since a nucleus is much heavier than
an electron, the critical acceleration must be less than
what this estimate provides. We then calculate the eigen
wave function and eigenenergy via the perturbation the-
ory. We find that the ground state’s energy to the first
order in perturbation does not change, but its probabil-
ity function is pulled downward. It is exactly what one
expects in a gravitational field. The first excited state
is split to 3 different energy levels. The lowest energy
state’s probability function is also titled to the gravita-
tional force’s direction, although the probability seems
tilted upward near its center.
The second case is when both proton and electron are
accelerated by an external force. In this case tunneling
will not happen and hydrogen atom can be formed. The
shift of the eigenfunction and the eigenenergy is different
from the first case. The ground state energy does not
change in the first order, but the probability is pulled
upward. This is because the potential at the upper side is
lower than that at the lower part. The electron will prefer
to stay at the upper part to lower its energy. The first
excited state is split into three energy states. The lowest
energy state’s probability distribution is tilted upward.
An Unruh-DeWitt detector describes how vacuum re-
sponds to an accelerated field. If the whole detector is
7accelerated by the external force, its structure must be
distorted in a way similar to the second case we studied
here. It is usually assumed that the detector’s structure
is not affected by the acceleration, but our result shows
that both the wave function and energy of an atom are
different from those in an inertial frame. This effect of
course depends both on the magnitude of the acceleration
and the size of the atom (≈ a0).
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Appendix
For a particle in a vector field, Bα, its classical La-
grangian is
S =
∫
−m
√
(1 + az)2 − v2 −Bivi −Bt(z)dt(A.1)
Bi = 0 (A.2)
Here the coupling constant is included in Bα. Vector
field Bα keeps a particle rest. In other words it cancels
out the gravity or it provides the particle a uniform ac-
celeration with respected to an inertial observer. The
equation of motion in z-direction is
m
d
dt
(
vz√
(1 + az)2 − v2 ) = −m
a√
(1 + az)2 − v2 − ∂zBt
(A.3)
If ~v = 0, dv
z
dt
= 0. Bt must be
Bt = −maz (A.4)
Here we choose Bt = 0 at z = 0.
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